Probability bounds analysis is a global sensitivity analysis
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Leamer (1990) defined global sensitivity analysis as a systematic study in which “a neighborhood
of alternative assumptions is selected and the corresponding interval of inferences is identified”.
There are two disparate ways to effect such a study. One natural way is to bound the
neighborhood with interval ranges. Another natural way is to ascribe a probability distribution to
the elements in the neighborhood. Consider, for example, the context of a deterministic
calculation. When the model involves uncertainty about the real-valued quantities used in the
calculation, the definition of global sensitivity analysis is equivalent to that of interval analysis
(Dwyer 1951; Moore 1966; Alefield and Herzberger 1983; Neumaier 1990). Probability theory,
implemented perhaps by Monte Carlo simulation, can also be viewed as a global sensitivity
analysis of a deterministic calculation in that it yields a distribution describing the probability of
alternative possible values about a point estimate (Iman and Helton 1985; Morgan and Henrion
1990; Helton and Davis 2002). In the figure below these two possible paths are shown as right
and left downward arrows respectively.
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Of course, the calculations on which it might be desirable to conduct sensitivity analyses are not
all deterministic. In fact, many of them are already probabilistic, as is the case in most modern
risk analyses and safety assessments. One could construct a probabilistic sensitivity analysis of a
probabilistic calculation.  The resulting analysis would be a second-order probabilistic
assessment. However, such studies are often difficult to conduct because of the large number of
calculations that are required. It is also sometimes difficult to visualize the results in a way that is
easily comprehensible. Alternatively, one could apply bounding arguments to the probabilistic
calculation and arrive at interval versions of probability distributions. We call such calculations
“probability bounds analysis” (PBA; Ferson 1994; 2002; Ferson et al. 2003). This approach
represents the uncertainty about a probability distribution by the set of cumulative distribution



functions lying entirely within a pair of bounding distributions called a “probability box™ or a “p-
box”. Probability bounds analysis is a global sensitivity analysis of a probabilistic calculation
because it defines neighborhoods of probability distributions (i.e., the p-boxes) that represent the
uncertainty about imperfectly known input distributions and projects this uncertainty through the
model to identify a neighborhood of answers (also characterized by a p-box) in a way that
guarantees the resulting bounds will entirely enclose the cumulative distribution function of the
output. A probability distribution is to a p-box the same way a real scalar number is to an
interval. The bounding distributions of the p-box enclose all possible distributions in the same
way that the endpoints of the interval circumscribe the possible real values.

Probability bounds analysis is related to other forms of uncertainty analysis. It is a marriage of
probability theory and interval analysis that generalizes and is faithful to both traditions. As
depicted in the figure, PBA can arise either by bounding probability distributions (the left path
down to PBA) or by forming probability distributions of intervals (the right path). The advantage
of this marriage is that variability (aleatory uncertainty) and incertitude (epistemic uncertainty)
are treated separately and propagated differently so each maintains its own character. PBA is a
comprehensive global sensitivity analysis that is an alternative to complicated second-order or
nested Monte Carlo methods. PBA is very similar in spirit to Bayesian sensitivity analysis
(which is also known as robust Bayes; Insua and Ruggeri 2000), although the former concerns
arithmetic and convolutions, and the latter addresses the issues of updating and aggregation.
Unlike Bayesian sensitivity analysis, probability bounds analysis is always easy to employ
because it does not depend on the use of conjugate pairs to make calculations simple. PBA is a
simplified approach to computing with imprecise probabilities (Walley 1991). Like a Bayesian
sensitivity analysis, imprecise probabilities are represented by a class of distribution functions.
PBA is simpler because it defines the class solely by reference to two bounding distributions. (It
therefore cannot represent a situation in which there are intermediate distributions lying within
the bounds that are excluded from the class.) In the context of risk and safety assessments,
however, this is rarely a significant drawback.

PBA can produce rigorous bounds around the output distribution from an assessment. These
bounds enclose all the possible distributions that could actually arise given what is known and
what is not known about the model and its inputs. Because it is based on the idea of bounding
rather than approximation, it provides an estimate of its own reliability (Berleant 1993; 1996; cf.
Adams and Kulisch, 1993). Probability bounds analysis can comprehensively account for
possible deviations in assessment results arising from uncertainty about
distribution parameters,
distribution shape or family,
intervariable dependence, and even

e model structure.
Moreover, it can handle all of these kinds of uncertainties in a single calculation that gives a
simple and rigorous characterization of how different the result could be given all of the
professed uncertainty. The requisite computations used in PBA are actually quite simple and
have been implemented in straightforward algorithms (Yager 1986; Williamson and Downs 1990;
Berleant 1993, 1996; Ferson et al. 2002; Ferson and Hajagos 2004). The computations are
generally much faster than even simple Monte Carlo convolution and vastly faster than a
numerically intensive sensitivity analysis with traditional methods (Iman and Conover 1980;
1982; Iman et al. 1981a; 1981b; Iman and Helton 1985; Morgan and Henrion 1990; Saltelli et al.
2001; Helton and Davis 2002). The full paper will outline, via pseudocode, how these algorithms
work.



Probability bounds analysis is useful whenever the uncertainty about the marginal distributions
can be characterized by interval bounds about the cumulative distribution function. These bounds
can be specified using empirical information available about each distribution. For instance, if
the parameters of a normal distribution can be given within interval ranges, best-possible bounds
on the distribution are easy to construct. If the shape of the underlying distribution is not known,
but some statistics such as the mean, mode, variance, etc. can be specified (or given as intervals),
rigorous bounds can generally be constructed that are guaranteed to enclose the true distribution
subject to the given constraints. Often these bounds will be optimally narrow given the stated
information. The resulting p-boxes are distribution-free in the sense that they make no
assumptions whatever about the distribution family (whether it is normal, lognormal, Weibull,
etc.). Such bounds on distributions can then be combined according to the calculations in the
assessment. Currently, software is available to handle

e arithmetic convolutions (addition, multiplication, minimum, etc.),

e magnitude comparisons (greater than, less than),

e logical operations (conjunction, disjunction, etc.), and

e transformations (logarithm, exponentiation, roots, etc.).
Unlike approaches based on conventional Monte Carlo simulation, the algorithms employed for
these operations yield rigorous answers that lack sampling error. In fact, the results are exact at
each point of discretization, of which there may be arbitrarily many. The results are guaranteed to
enclose the true distributions.

It is also possible to handle uncertainty about the dependencies among variables in a model.
Recent algorithmic developments permit uncertainty about the dependencies among variables to
be propagated through the calculations of a probabilistic assessment (Ferson et al. 2004). Each
pair-wise dependency may be modeled with any of the following six assumptions:

e independence,
perfect (positive or negative) dependency,
linear relationship and correlation within a specified interval,
linear relationship with unknown correlation,
signed (positive or negative) but otherwise unknown dependency, and

e unknown dependency (including any nonlinear relationship).
For the first two cases, a convolution between two probability distributions yields a well defined
probability distribution. For the latter four cases, the results are given as bounds on a
(cumulative) distribution function. The bounds obtained are generally the best possible bounds,
i.e., they could not be any narrower yet still contain all the possible distributions permissible
under the assumption.

It is also possible, of course, to perform a sensitivity analysis on the results of an assessment
conducted with probability bounds analysis. The full paper will address how existing methods
for sensitivity analysis can be generalized for use in probability bounds analysis and how a meta-
level sensitivity analyses can be applied to probability bounds analysis.
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